This short note deals with elementary semigroup arguments together with Harris's negative association inequality in order to obtain improved deviation inequalities (left tail) for log-concave measure under some monotony and convexity assumption.
Introduction
As an introduction we recall some facts about Gaussian concentration of measure (cf. [10] ) and Superconcentration theory (cf. [7] ).
It is well known that concentration of measure is an effective tool in various mathematical areas (cf. [6] ). In a Gaussian setting, classical concentration results typically produces, for f : R n → R a Lipschitz function with Lipschitz constant f Lip ,
with γ n the standard Gaussian measure on R n . Another instance of concentration of measure is the Poincaré's inequality (which yields exponential concentratation) satisfied by γ n . Namely, for f ∈ L 2 (γ n ) smooth enough, it says
where | · | stands for the Euclidean norm on R n . As effective as (1.1) and (1.2) are, their generality can lead to sub-optimal bounds in some particular case. As instance, consider the 1-Lipschitz function on R n f (x) = max i=1,...,n x i . At the level of the variance, (1.2) gives
with M n = max i=1,...,n X i where (X 1 , . . . , X n ) stands for a standard Gaussian random vector in R n , whereas it has been proven that Var(M n ) ≤ C/ log n with C > 0 a numerical constant. At an exponential level, (1.1) is not satisfying either. Indeed, it is well known in Extreme theory (cf. [9] ) that M n can be renormalized by some numerical constant, a n = √ 2 log n and b n = a n − log 4π+log log n 2an , n ≥ 1, such that a n (M n − b n ) → Λ 0 in law, as n → ∞, where Λ 0 corresponds to the Gumbel distribution :
Then, it is clear that the asymptotics of Λ 0 are not Gaussian but rather exponential on the right tail and double exponential on the left tail. It is now obvious that (1.1) and (1. 2) leads to sub-optimal results for the convex function x → max i=1,...,n x i . When such phenomenon happens it is referred as Superconcentration phenomenon (cf. [7] ). This kind of phenomenon happens for different functionals of Gaussian random variables (and also, as we will see, for other laws of probability) and as been studied in [5, 15, 16, 17, 14] . . . .
Recently, convexity assumption has been fruitfully used by Paouris and
Valettas in order to improve the concentration inequality (1.1). In the context of small ball probabilities and random Dvoretzky's Theorem, this two authors improved the left tail of convex function thanks to Ehrard's inequality in [13] . More precisely, they obtained
Valettas] Let f : R n → R be a convex function, then the following holds
where c > 0 is a universal constant.
Remark. Of course, the improvements stays in the fact that Var γn (f ) ≤ Lip(f ) 2 as we have just seen on the basic example of the maximum of n independent standard Gaussian random variables. Ehrhard's inequality has also been used by Valettas in [18] where he proved that (1.1) is tight if the convex function f is not superconcentrated.
The purpose of this note is to show how semigroup's arguments can provide elementary proofs of results similar as Theorem 1.1. Although our proof seems to be simpler, we had to assume f to be monotone. Let us precise that the monotony of a function f : R n → R is understood coordinate wise (while the others are fixed) throughout all the present article. This assumption can not permit us to consider l p norms of standard Gaussian vectors as Paouris and Valettas did in [13] . On the bright side, semigroup's arguments can be used for a larger class of measure. Indeed, log-concave measure dµ(x) = e −V (x) dx on R n under a lower bound condition (V ′′ (x) ≥ −κ, κ ∈ R) on the potential can be considered (cf. section four), whereas the use of Erhrard's inequality is limited to Gaussian measures.
Let us briefly describe our main result, let dµ i (x) = e −Vi(x) dx, i = 1, . . . , n on R be hypercontractive measures (cf. section two for the terminology) with constant ρ i > 0. Then, set dµ = dµ 1 ⊗ . . . ⊗ dµ n on R n . We obtained the following Theorem 1.2. Under the preceding framework, assume that V ′′ i ≥ −κ, i = 1, . . . , n for some κ ∈ R. Then, for any smooth non-decreasing and convex function f : R n → R and θ ≥ 0 we have
where ∇f φ is a shorthand for n i=1 ∂ i f 2 φ and · φ stands for the Orlicz norm induced by the Young function φ (see below).
In particular, the following holds
where c ρ,λ > 0 is a universal constant.
Remark.
1. In practice, it is classical to bound (cf. [8] ) ∇f φ by the following quantity :
When, the Gaussian measure measure is considered (with the quadratic potential V i (x) = x 2 i /2, i = 1, . . . , n) the quantity ∇f φ can be replaced by the variance Var γn (f ) which is smaller.
Of course, similar results holds for the right tail if one consider non-
increasing concave function instead.
The article is organized as follow, in the next section we recall some facts about the interplay between functional inequalities, concentration of measure and semigroup interpolation's arguments. We also recall Harris's negative association inequality that will be one of the major argument in the proof. In section three, for pedagogical reasons, we focus on the Gaussian measure and exposed the scheme of proof of our method and provide an application of our main result for order statistics. In section four, we show how to easily prove Theorem 1.2 along the same lines as the Gaussian case. Finally, in section five, we discuss some potential extension in a more general setting.
In the sequel, we will mainly deal with continuous probability measures of the form dµ(x) = e −V (x) dx on Borel sets of R n where V is some (smooth) potential. Such measures will be seen as invariant and reversible measures of the associated diffusion operators L = ∆ − ∇V · ∇.
Let V : R n → R be such that R n e −V (x) dx = 1, under mild smoothness and growth conditions, the second order operator L = ∆ − ∇V · ∇ admits dµ(x) = e −V (x) dx as symmetric and invariant probability measure. The operator L generates the Markov semigroup of operators (P t ) t≥0 and defines by integration by parts the Dirichlet form
for smooth functions f, g on R n .
Given such a couple (L, µ), it is said to satisfy a spectral gap, or Poincaré, inequality if there is a constant λ > 0 such that for all functions f of the Dirichlet domain
Similarly, it satisfies a logarithmic Sobolev inequality if there exists a constant ρ > 0 such that for all functions f of the Dirichlet domain,
One speaks of the spectral gap constant (of (L, µ)) as the bast λ > 0 for which (2.1) holds, and of the logarithmic Sobolev constant (of (L, µ)) as the best ρ > 0 for which (2.2) holds. We still use λ and ρ to design these constants. It is classical that ρ ≤ λ.
Both spectral gap and logarithmic Sobolev inequalities translate equivalently on the associated semigroup (P t ) t≥0 . Namely, the spectral inequalities (2.1) is equivalent to saying that
for every mean zero function f in L 2 (µ). Similarly, the logarithmic Sobolev inequalities is equivalently stated as a exponential decay of the entropy along the semigroup. Namely,
and every positive function f in L 1 (µ).
For further purposes, notice that (2.3) and (2.4) imply the following inequalities, for any T ≥ 0,
and
As another feature of the logarithmic Sobolev inequalities is the (equivalent) hypercontractive property if the semigroup. Precisely, the logarithmic Sobolev inequality (2.2) is equivalent to saying that, whenever p ≥ 1 + e 2ρt , for all functions f in L p (µ),
For simplicity, we say below that a probability measure µ, in this context, is hypercontractive with constant ρ.
Functional inequalities and concentration of measure
Functional inequalities, such as Poincaré's inequality or logarithmic Sobolev inequalities, can be used to estimate from above the Laplace transform of a measure. Then, such bounds easily yield deviation inequalities thanks to Chernoff's argument. In each case, the upper bounds on the Laplace transform are obtained by differential inequality which are the result of the substitution of f by e θf /2 , for some parameter θ ∈ R, in (2.1) or (2.2).
At the level of the logarithmic Sobolev inequality it is known as Herbst's argument and can be stated as follow :
Lemma 2.1. Let f : R n → R be a function smooth enough and θ ≥ 0. Assume that, the following holds
for some v > 0, then the following deviation inequality holds
Similarly, at the level of Poincaré's inequality, Aida and Stroock proved the following Lemma 2.2. Let f : R n → R be a function smooth enough and θ ≥ 0. Assume that, the following holds
The key step to prove our main results will be to establish (2.8) or (2.9) by semigroups arguments under some monotony and convextiy assumptions.
Semigroup interpolation
As it will be needed in the sequel, we state below some representation of the variance or the entropy of a function along the semigroup (P t ) t≥0 .
Var
As it is exposed in [8] , when µ satisfies a Poincareś inequality (respectively a logarithmic Sobolev inequalities) there is no need to deal with large value of t in (2.10) (respectively (2.11)). Indeed, the combination of the preceding representation by semigroup together with the exponential decay of the variance (respectively the entropy) along the semigroup (2.5) (respectively (2.6)) we have, for any T ≥ 0,
Negative association inequalities and semigroup
As our main results will rest on negative association inequalities, we state below Harris's Lemma and see how it can be used on semigroups. Recall that monotony or convexity properties of a function f : R n → R are understood coordinate-wise.
Proposition 2.1 (Harris's negative association inequality). Let f : R n → R non-increasing and g : R n → R non-decreasing, then
with X i independent random variables.
Proof. For the sake of completeness, we briefly present the argument in dimension one. The general case is handled by induction and conditional expectation. Let Y be a independent copy of the random vector X. By assumption on f and g, observe that the following holds
It is enough to integrate the preceding inequality with respect to µ to conclude.
Remark. In the sequel, this proposition will be freely used for the invariant measure µ and also at the level of the semigroup : let t ≥ 0 and x ∈ R n be fixed and consider f and g two functions satisfying the hypothesis of Harris's negative association inequality, then
The followinf Lemma explain, in our context, if the semigroup (P t ) t≥0 preserves monotony properties of a function.
shares the same monotony properties as the function f .
Proof. As it is exposed in [11] , under our log-concave setting, we have the following representation of ∇P t f (x) for any x ∈ R n and t ≥ 0.
Thus, x → P t f (x) shares the same monotony properties as f .
Remark.
1. In the Gaussian setting (when V (x) = |x| 2 2 ) this properties is obvious thanks to the Mehler's formula which gives an explicit representation formula of the Ornstein-Uhlenbeck semigroup :
2. Representation as (2.15) are part of the so-called intertwinnings relation between a semigroup with some differential operator (cf. [4, 3] and references therein).
3. The fact that a semigroup preserves some monotone properties of a function has been investigate in [12] .
Gaussian measure
In this section, we will focus on the Gaussian measure together with the Ornstein-Uhlenbeck semigroup. We will see that negative association inequalities together with the representation formula yields improved deviation inequalities for increasing and convex functions f : R n → R. One crucial features that will be needed in the sequel is the commutation property between (P t ) t≥0 and the partial derivatives operator ∂ i , i = 1, . . . , n. As it can be easily seen on (2.16), for f : R n → R smooth enough we have
Proof of the main results
This subsection gives a proof of our main result in a Gaussian setting. In particular, it exposes the scheme of proof that will be used for log-concave measure. As we have mentionned it before, the arguments involving Harris's negative association inequality 2.1 will be freely used in the sequel at the level of the invariant measure or the semigroup. Furthermore, although we will not state it, it is straighforward to extend the results below to Gaussian measure µ on R n with covariance structure M such that M ij ≥ 0, ∀i, j ∈ {1, . . . , n} 2 .
Theorem 3.1. Let f : R n → R be a non-decreasing and convex function. Then, for any θ ≥ 0, we have
In particular, the following deviation inequalities holds
Proof. Start with the representation formula for the variance along the semigroup
Thanks to the exact commutation (3.1), it is equivalent as
Now, substitute f by e − θ 2 f with θ ≥ 0. We obtain
where we used Harris's negative association inequalities 2.1 to get the upper bound. Indeed, f is separately convex and non-decreasing thus ∂ i f is a positive and non decreasing function for any i = 1, . . . , n.
Then, as P t preserves the monotony and the sign of any function (for any t ≥ 0). In particular, by assumption on f , the function x → P 2 t ∂ i f (x) is nondecreasing whereas x → P 2 t (e −θf /2 )(x) is non-increasing. Therefore, by Harris's negative association inequality we obtain
Observe that the last inequality is obtained thanks to Jensen's inequality and the fact that γ n is the invariant measure of (P t ) t≥0 . To conclude, use again the exact commutation property (3.1) and the representation formula of the variance (2.10) to get
The deviation inequality is obtained thanks to Lemma 2.2.
The exact same arguments can also be developed at the level of the Entropy. Then, for any θ ≥ 0 we have
2Varγ n (f ) , t ≥ 0
Proof. Start with the representation formula (2.11)
and apply it to e −θf , θ ≥ 0. With the exact same argument, we obtain
Finally, we have proven
We end the proof with Lemma 2.1.
The preceding method can also be directly done at the level of the Laplace transform.
Theorem 3.3. Let f : R n → R be a smooth function. Assume that f is nondecreasing and separately convex. Then, for any θ ≥ 0 and every t ≥ 0, the following holds
Varγ n (f )−θEγ n (f ) of Theorem 3.3. Assume that f is also centered to ease the notation. Then, for any θ ≥ 0, set
By ergodicity of (P t ) t≥0 , H(t) = 1 − +∞ t H ′ (s)ds. Then, by integration by parts, we obtain for any s ≥ 0,
which can be rewritten as
So, for any t ≥ 0, H(t) = 1+θ 2 +∞ t R n |∇P s f | 2 e −θPsf dγ n ds. Then, observe by the commutation property between ∇ and (P s ) s≥0 that
Again, by Harris's negative association inequality 2.1,
To sum up, we have proven that, for any t ≥ 0,
Apply now Gronwall's Lemma to get
t e −2s G(s)ds for any t ≥ 0 and θ ≥ 0.
In particular,
Var γn (f ) , θ ≥ 0 which is the desired conclusion.
Application to Order statistics
It is possible to apply our main results to order statistics. Consider a vector X = (X 1 , . . . , X n ) in R n with i.i.d. component X i , i = 1, . . . , n, with law µ and denote by X (1) ≤ . . . X (n) the associated order statistics. Notice that such functional are non-decreasing and convex as it can be seen on the following representation :
Observe that, up to regularization argument, the functions x → ∂ i x (k) = 1 {x (k) =i} , i = 1 . . . , n are also non-decreasing for any k ∈ {1, . . . , n}. Among these order statistics, we will focus on the Median and the Maximum. A direct application of Theorems 3.1 and 3.2 yields
where M n = max i=1,...,n X i . Similarly, it also provides the following
where Med stands for the median of the sample X 1 , . . . , X n .
On one hand, as mentionned in the introduction, (3.2) improved upon known results but is not sharp since it is expected to have a decay in double exponential t → e −e t . On the other hand, according to [5] , the asymptotics of the left tail for the Median is sharp.
Remark. Let us mentioned that similar arguments has been already used (to reach deviation inequalities) for order statistics in [16] . In this article, the right tail is investigate and the semigroup approach is replaced by optimal transport arguments.
Hypercontractive, Log-concave measure
It is possible to easily extend the preceding scheme of proof to logconcave measures and demonstrate Theorem 1.2.
To this task, let dµ i (x) = e −Vi(x) dx, i = 1, . . . , n on R be hypercontractive with constant ρ i > 0. Then, set dµ = dµ 1 ⊗ . . . ⊗ dµ n on R n .
Let us recall the definition of the Orlicz norm · φ and the statement of Theorem 1.2. Given a Young function φ, it is customary [1] to denote by
the associated Orlicz norm of a measurable function f : R n → R.
Theorem. Under the preceding framework, assume that V ′′ i ≥ −κ, κ ∈ R, i = 1, . . . , n. Then, for any smooth non-decreasing and convex function f : R n → R and θ ≥ 0 we have
Remark. Since only κ ∈ R is required here, it appears as a mild property shared by numerous potentials such as, for example, double-wells potentials on the line of the form V (x) = ax 4 −bx 2 , a, b > 0. The stronger strict convexity assumption V ′′ ≥ ρ > 0 (satisfied by the standard Gaussian measure γ n ) actually implies that µ satisfies a logarithmic Sobolev inequality, and thus hypercontractivity, with constant ρ (cf. [1] ).
Proof. As it is exposed in [1] , the representation formula of the variance (2.10) or the entropy (2.11) are still available. Also, as mentionned in section two, the semigroup (P t ) t≥0 still preserves (in this log-concave setting) the monotony of a function (cf. Lemma 2.15).
Besides, the assumption V ′′ ≥ −κ is equivalent, thanks to Bakry and Emery's Gamma 2 criterion, to
So, the exponential decay of the variance (2.5) (respectively of the entropy (2.6)) along the semigroup yields the following estimates (choosing T = 1 2ρ for instance),
However, it not possible to recover Var µ (f ) from T 0 e 2κt R n |P t (∇f )| 2 dµdt because the commutation property between ∂ i and (P t ) t≥0 is not exact.
Nevertheless, this quantity can easily be upper bounded by hypercontractive arguments. To this task, we can follow the proof of Talagrand's inequalities exposed in [8] (page 8-9) in order to obtain
where · φ is the Orlicz norm induced by the Young function φ. That is to say, as in [8] , let φ : R+ → R + be convex such that φ(x) = Application for order statistics can also be performed (as in section two). However, the hypercontractive bound on the variance (involving Orlicz norm) is not optimal. For instance, if V (x) = |x| α /α with α > 0 it is known that Var(M n ) ∼ 1 (log n) 2(α−1)/α whereas (2.7) only gives a bound of order 1/ log n which is strictly bigger since α > 2. Let us mentionned that sharper bounds has been obtained for the right tail in [16] .
It might be interesting to see if the work of [4, 3] (involving intertwinnings and weighted gradient (that is to say
with x = (x 1 , . . . , x n )) can be used to produce sharper bounds on the left tail through semigroup arguments and weighted Poincaré's inequalities.
Potential extension
Let us say a few words about some potential extensions. As it was emphasized in [8] , one key features of the preceding methodology is the following. Given a Markov semigroup (P t ) t≥0 with generator L and invariant measure µ. Assume that (L, µ) is hypercontractive and that the associated Dirichlet form E may be decomposed along directions Γ i acting on functions on some state space E as
in a way that, for each i = 1, . . . , n, Γ i commutes to (P t ) t≥0 in the sense that, for some constant κ ∈ R, every t ≥ 0 and f smooth enough,
In the current article, Γ i = ∂ i and the commutation property is obtained as a strong gradient bound from Bakry and Emery's Gamma 2 criterion.
As a first example, one can investigate the standard exponential measure (or gamma measure) dµ = e − n i=1 xi 1 {x1≥0} . . . 1 {xn≥0} dx 1 . . . dx n on R n + with the direction Γ i (f ) = √ x i ∂ i . According to [1, 15] , the commutation properties (5.1) is satisfied with κ = −1. Now, observe that the operator Γ i , i = 1, . . . , n preserves the key features of the function f . More precisely, assume f to be non-decreasing and separately convex, then it is easy to check that x i → Γ i (f ) is a positive non-decreasing function. Besides the following identity, for any θ ∈ R, holds Γ i (e θf ) = θe θf Γ i (f ).
Therefore, it is possible to apply Harris's negative association 2.1 in this situation.
Indeed, in this setting, it is then easy to extend slightly the result of the current article. Following the lines of the proof of our main result, we obtain (at the level of the variance).
Notice also, according to [8] , that hypercontractive estimates also yields the following upper bound
It is obvious that the same proof holds at the level of the entropy.
As exposed in [8] , non-product measures can also be investigate. For instance, if µ stands for the uniform probability measure on the sphere S n−1 , one may considered the following fact
where the direction D ij = x i ∂ j − x j ∂ i , i, j = 1, . . . , n. The operators D ij commute in an essential way to the spherical Laplacian ∆ = 1 2 n i,j=1 D 2 ij so that (5.1) holds with κ = 0. However, the monotone properties needed in the proof (in order to apply Harris's negative association inequality) seems more complicated to easily characterized. Indeed, one has to required the functions x → D ij f (x) to be positive and non decreasing. Exhibiting a class of function satisfying such conditions seems to be difficult.
